A study on the number of Hierarchical Rectangular 
Partitions of Order k 

Shankar Balachandran* Sajin Koroth^" 
December 7, 2011 

Abstract 

Given a rectangle R, a Rectangular Dissection (RD) is a subdivision 
of R into smaller rectangles by non-intersecting vertical or horizontal 
segments. A basic rectangle in a rectangular dissection is a rectangle 
which does not contain any other rectangles inside. In this paper we 
study the number of rectangular partitions which can be decomposed 
hierarchically. A rectangular partition is said to be a Hierarchical Rect- 
angular Dissection (HRD) of order k if the rectangular dissection can 
be obtained by starting from a single rectangle by embedding rectangu- 
lar dissections of at most k basic rectangles hierarchically. When k = 2 
this is exactly the class of guillotine rectangular dissections. Rectan- 
gular dissections are studied in VLSI circuit design under the name of 
floorplans. Ackerman et al. proved that point-free rectangular dissec- 
tions are in bijective correspondence with Baxter permutations. We 
characterize hierarchical rectangular dissections of order k, a sub-class 
of point-free rectangular dissections, based on the Baxter permuta- 
tions corresponding to them. We provide a recurrence relation for the 
distinct number of hierarchical rectangular partitions of order k with 
n rooms by proving that they are in bijective correspondence with a 
family of rooted trees called generating trees of order k. Based on this 
recurrence relation we give a polynomial time algorithm for generating 
the number of such distinct rectangular dissections. This gives rise 
to family of integer sequences I = {Ik} where Ik,i correspond to the 
number different HRD^ with i rooms. Based on the characterization of 
permutations corresponding to HRD's of order k we prove that there 
are at least 3" _fc which are in-decomposable, that is it is not HRD& for 
any j < k. This also proves that Ik+i,i — Ik.i grows exponentially in 
i, which implies the integer sequences in the family I is very different 
from each other. 
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1 Introduction 



A rectangular dissection is the dissection of a rectangle into smaller rectan- 
gles using vertical and horizontal non-intersecting lines. Rectangular dissec- 
tions or floorplans as they are called in VLSI terminology, is an important 
concept in VLSI chip fabrication. Rectangular dissections are used to cap- 
ture the relative positions of modules on a chip. To optimize some objective 
function like interconnection wire length most of the VLSI floor-planning 
algorithms employ a combinatorial search algorithm on some specific family 
of rectangular dissections. It is easier to re-evaluate the objective func- 
tions on a hierarchical topology. For this reason most of the literature on 
combinatorial search on rectangular dissections focus on families which are 
hierarchical. To the best of our knowledge hierarchical families which have 
been well studied (and also is the search space for most of the algorithms) 
are just the family of slicing floorplans (HRD2 is called slicing in VLSI ter- 
minology) and hierarchical floorplans of order 5(HRD5). In this paper we 
extend the study of hierarchical floorplans to any general order k and pro- 
vide answers to important combinatorial and algorithmic questions about 
these families. 

The study on hierarchical rectangular dissections began with the seminal 
paper about simulated annealing based search on the family of HRD2 rect- 
angular dissections ([8]) by Wong and Liu. They introduced slicing trees and 
proved that there is a one-one correspondence between HRD2 rectangular 
dissections with n rooms and skewed slicing trees with n leaves. Wong and 
The |9j gave a representation of hierarchical floorplans of order 5 extending 
the skewed generating trees of order 2 to incorporate wheels which are the 
only non-slicing floorplans with at most five rooms. 

Sakanushi et al. [5] were the first to consider the number of distinct 
mosaic floorplans. They found a recursive formula for this number. Yao et 
al.|lUj showed a bijection between mosaic floorplans and twin binary trees 
whose number is known to be the number of Baxter permutations ([!]). They 
have also shown that the number of distinct slicing floorplans containing 
n blocks is the (n — l)th Shroder number [TO]. Later Ackerman et. alpQ 
constructed a bijection between mosaic floorplans with n-rooms to Baxter 
permutations on [n]. They also proved that this bijection when restricted 
to HRD2 rectangular dissections gives a bijection to separable permutations 
on [n]. And with this bijection a unique permutation, corresponding to any 
mosaic floorplan or naturally for a floorplan which belongs to a subclass of 
mosaic floorplans, can be obtained. 

For the characterization of permutations corresponding to HRD^ we use 
a crucial theorem about exceptionally simple permutations proved by Albert 
and Atkinson [2]. Their result is a derived from a more general theorem 
about critically in-decomposable partially ordered sets proved by Schmerl 
and Trotter [6]. 
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Shen et al.[7] presented a generating function based approach to count 
skewed slicing trees, to obtain a tight bound on number of slicing floor- 
plans with n rooms. Chung et al.[3] obtained closed form expression for the 
number of Baxter permutations of length n using a generating tree based 
approach. 

2 Preliminaries 

2.1 Pattern Matching Problem on Permutations 

Pattern matching problem for permutation is given a permutation ir € S n 
called text and another permutation a € S\. called pattern we would like 
to know if there exists k indices i\ < ii < i% < i± < . . . < such that 
the numbers 7r[ii], 7r[z2], 7r[z3], 7r[z4], . . . , n[ik] are in the same relative order 
as <r[l], cr[2], cr[3], cr[4], . . . , <r[/c], that is n[ih\ > ^[U] if and only if a[h] > a [I]. 
If 7r contains such a sequence we call text it contains the pattern a and 
sub-sequence 7r[«i], 7r[«2]) i"[*3] 5 tt[*4] ? • • • ,n[ik\ is said to match the pattern a. 

2.2 Baxter Permutations 

A Baxter permutation on [n] = 1, 2, 3, . . . , n is a permutation 7r for which 
there are no four indices l<i<j<k<l<n such that 

1. ir[k] < + 1 = ir[l] < ir[j]; or 

2. vr[j] < ir[i] = ir[l] + 1 < tt[A;] 

That is 7r is a Baxter permutation if and only if whenever there is sub- 
sequence matching the pattern 3142 or 2413 then the absolute difference 
between the first and last element of the sub-sequence is always greater 
than 1. For example 2413 is not Baxter as the absolute difference between 2 
and 3 is 1 and 41352 is Baxter even though the sub-sequence 4152 matches 
the pattern 3142 but the absolute difference between first and last of the 
sub-sequence is|4 — 2| = 2 > 1. 

2.2.1 Algorithm FP2BP 

Eyal Ackerman et al.pp in 2006 showed the existence of a direct bijection 
between mosaic floorplans with n rooms and Baxter permutations of length 
n. They did this by providing two algorithms, one which takes a mosaic 
floorplan and produces the corresponding Baxter permutation and another 
which takes a Baxter permutation and produces the corresponding mosaic 
floorplan. To explain the algorithm we have to define the following operation 
on a mosaic floorplan. 
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Figure 1: FP2BP Labelling Phase 
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Figure 2: FP2BP Extraction of permutation Phase 
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Definition 1 (Top-Left Block deletion). Let / be a mosaic floorplan with 
n > 1 blocks and let b be the top left block in /. If the bottom-right corner 
of 6 is a H'-(resp., '_L') junction, then one can delete b from / by shifting 
its bottom(resp., right) edge upwards (resp., leftwards), while pulling the 
T-junctions attached to it until the edge hits the bounding rectangle. 

Similarly the block deletion operation can be defined for the other corners 
of the floorplan. The algorithm for obtaining a baxter permutation from a 
mosaic floorplan is the following. 



Input : A mosaic floorplan / with n blocks 
Output: A (Baxter) permutation of length n 

1 Label the rooms in their top- left deletion order from {1, . . . , n} ; 

2 Obtain the permutation by arranging the room labels in their 
bottom-left deletion order ; 

Algorithm 1: Algorithm FP2BP 

The action of the algorithm on a mosaic floorplan is illustrated by the 
figures [1] and [2j The permutation thus obtained is called the Abe-label of 
the corresponding floorplan. 
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2.3 Simple Permutations 

A block in a permutation is a set of consecutive positions (called segments) 
which such that the numbers in those positions form a set of consecutive 
integers. The trivial blocks of a permutation are singleton blocks and the 
block 1 . . . n. For example in the permutation tt = 3421 segment 1 ... 3 is a 
block as tt maps 1 ... 3 to {3,4, 2} which is a set of consecutive integers but 
the segment 2 ... 4 is not a block as it is mapped to {4, 2, 1} which is not a 
set of consecutive integers as 3 is missing. A permutation is called simple 
when all its blocks are trivial blocks. An example of a simple permutation is 
tt = 41352. A one-point deletion on a permutation tt is deletion of a single 
element at some index i and getting a new permutation tt on [n — 1] by rank 
ordering the remaining elements. For example one-point deletion at index 3 
of 41352 gives 4152 which when rank ordered gives the permutation 3142. 

2.4 Block Decomposition of a permutation 

Simple permutations are an interesting class of permutations for the reason 
that arbitrary permutations can be built just using simple permutations. A 
block decomposition[2\ of a permutation a is a partition of a into blocks. 
A block decomposition is non-trivial if there is at least one block which is 
non-trivial. Given the block decomposition of a, its pattern is the permuta- 
tion defined by the relative order of the blocks. For example 451362 has the 
non-trivial decomposition (45)(1)(3)(6)(2) with the pattern of decomposi- 
tion being 41352. We can think of 453162 being constructed from 41352 by 
inflating each of the elements 12, 1,1,1 and 1 into blocks. This can be repre- 
sented as wreath product of permutations as 451362 = 41352 [12, 1, 1, 1, 1] . 

3 Infinite Hierarchy 

We defined hierarchical rectangular dissections as all rectangular dissections 
which can be obtained from a basic rectangle by embedding rectangular 
dissections of at most k rooms. For this definition to make sense there 
should be rectangular dissections of order k which can not be obtained by 
embedding rectangular dissections of lower orders alone. We prove in this 
section that such is the case. Hierarchical rectangular dissections form an 
infinite hierarchy whose levels are HRD/% rectangular dissections for a specific 
value of k and it is such that each level has at least one floorplan which is 
not contained in the level below for k > 7. We call an HRD/% with k basic 
rectangles an irreducible rectangular dissection of order /c(IHRDfc) if it is not 
an HRDjt-i- 

Theorem 1. For any k>7, HRD k \ HRD k _ x / (p. 



5 



Figure 3: Constructing IHRDg from IHRD7 




Proof. We are in essence claiming that for any k > 7 there is at least one 
in-decomposable hierarchical rectangular dissection of order k. An HRD^ 
rectangular dissection which is in-decomposable should be such that you 
should not be able find a proper subset of basic rectangles in the given 
rectangular dissection which together form an enveloping rectangle. Be- 
cause if you are able to find such a set of rectangles then you will be able 
to construct this rectangular dissection hierarchically by starting with the 
rectangular dissection obtained by removing all the basic rectangles having 
the above mentioned property leaving only the enveloping rectangles intact 
and then embedding the rectangular dissection constituted by the basic rect- 
angles which were contained in the enveloping rectangle. We will first show 
that for any odd number k > 7 there is an in-decomposable hierarchical 
rectangular dissection of order k. The proof is evident from the geometric 
construction given in figure [3 The procedure is to start with rectangular 
dissection which is an IHRD7 and then take a line-segment which touches 
the bounding box of all rectangles so that there are no parallel line-segments 
to its left and then cut it half-way through as shown in the figure and insert 
a T-junction. This way the resulting rectangular dissection will also have 
no proper subset of basic rectangles which are contained in an enveloping 
rectangle, thus making it not contained in any lower levels of hierarchy. The 
procedure increases the number of rooms in the rectangular dissection by 2. 
Note that in the rectangular dissection obtained using the above procedure 
there exists a line-segment which touches the bounding box of all rectangles 
so that there are no parallel line-segments to its left. Hence this procedure 
can be applied recursively to get any IHRDfe for k odd and k > 7. 

For an even k > 8 we use the same proof technique but we start from 
an IHRDg. FigureS] demonstrates the construction. The construction can 
applied recursively to prove the existence of an IHRD^ for k even and k > 
8. □ 
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Figure 4: Constructing IHRDio from IHRDs 
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4 Characterization in terms of permutations 

We will characterize IHRD^ in terms of the subfamily of Baxter permuta- 
tions to which they are in one-one correspondence with. This characteriza- 
tion helps in counting the number of different HRD^'s with n rooms. 

We need the following crucial observation for proof of characterization. 

Observation 1. In the permutation n produced by the FP2BP algorithm 
run on a mosaic floorplan for every block in ir there is a corresponding 
enveloping rectangle containing the rooms labeled by the numbers in the block 
and nothing else. And for every enveloping rectangle in the rectangular 
dissection there is a corresponding block in ir. 

Proof. Let ir be the Baxter permutation produced by algorithm FP2BP 
when run on the mosaic floorplan /. Suppose there is a block at consecutive 
positions i, . . . , j in ir. If the block is a trivial block, then the observation 
is correct as there will be either just one number in the block or all the 
numbers from 1 . . . n and in both cases rectangles labeled by the numbers in 
the block are contained inside trivial enveloping rectangles. The remaining 
case is that the block is a non-trivial block. That is there is at least one 
number in [n] which is not contained in the block. Since the basic blocks in 
a mosaic floorplan are rectangular in shape, if the rooms which are labeled 
by the numbers in the block do not form an enveloping rectangle it must be 
forming a shape with at least one T shaped corner or they form disconnected 
clusters. If the rectangles form disconnected clusters and if there is at least 
one cluster with a T shaped corner then this reduces to the case that the 
shape formed by the basic rectangle has one T shaped corner. Hence all of 
them must be forming clusters which are rectangular in shape. Take any 
two such disconnected clusters and take all the basic rectangles between 
them, it is obvious that after labeling the top cluster the basic rectangles 
between two clusters will be labeled before reaching the second cluster since 
it is not connected to the first. Hence it contradicts our assumption that 
the basic rectangles in consideration where labeled by elements in a block 
of a permutation as they do not form a set of consecutive integers together. 
Hence it remains to prove that if there is T shaped corner in the shape 
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Figure 5: T-shaped corners 



(1) 



(2) 



formed by the basic rectangles labeled by the numbers in the block, it also 
leads to a contradiction. 

Since there are no empty rooms in a mosaic floorplan and the block is a 
non-trivial block there should be at least one basic rectangle adjacent to this 
T shaped corner which is labeled with a number not contained in the block. 
Let us consider case 1 in Figure where basic rectangles 'a' and 'b' are part 
of the block in the permutation tt whereas 'c' is not. In this case it is clear 
that among these three the algorithm will label 'a' first, 'c' second and label 
'b' the last. Hence it contradicts our assumption that there exists a block 
in tt containing labels of 'a' and 'b' but not 'c' as the label corresponding 
to 'c' will be a number between the labels of 'a' and 'b'. Hence this case is 
not possible. Let us consider case 2 in Figure again 'a' and 'b' are part of 
the assumed block in tt whereas 'c' is not. Here the order in which the basic 
rectangles 'a','b','c' will be deleted is: 'b' first, 'c' the second and 'a' the last. 
Hence it contradicts our assumption that there is a block in tt containing 
'a' and 'b' but not 'c' as in tt label of 'c' will appear in between labels of 
'a' and 'b'. Similarly it can be proved that any such T-corner configuration 
will result in a contradiction to our assumption that there is a block in tt, 
such that the rooms labeled by the numbers in that block is not contained 
inside an enveloping rectangle in the corresponding mosaic floorplan. Hence 
the observation. □ 

Now we will prove the characterization of IHRD^ rectangular dissections 
based on the permutations corresponding to them. 

Theorem 2. IHRD^ floorplans are in bijective correspondence with permu- 
tations of length k which are both Baxter and Simple. 

Proof. The bijection is the bijection described by [I] from mosaic floorplans 
to Baxter permutations, restricted to IHRD^. Since IHRL\ is a subclass 
of HRDfc which are a subclass of mosaic floorplans we know that IHRL\ 
rectangular dissections correspond to a sub-family of Baxter permutations. 
So it remains to prove that they are also a sub-family of simple permuta- 
tions of length k. Suppose tt is the permutation corresponding to an IHRL\. 
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rectangular dissection which is not a simple permutation, then there exists 
a non-trivial block in tt consisting of j, 1 < j < k numbers. By observation Q] 
there is an enveloping rectangle containing just the rooms which are labeled 
by the numbers in the non-trivial block. Now we can obtain the HRD/% 
rectangular dissection corresponding to it, by removing the rooms labeled 
by numbers in the non-trivial block and then placing the rectangular dis- 
section constituted by the rooms labeled by the numbers in the non-trivial 
block of tt. Thus the floorplan is i^RD ma , x {k~j,j} contradicting our assump- 
tion that it is IHRDfc. Hence the output of the algorithm described in the 
bijectionpp when run on an IHRD^ rectangular dissection ought to be a 
simple permutation of length k. □ 

5 Recurrence Relation for the number of different 
rectangular dissections 

Using the above characterization HRD^ rectangular dissection we show them 
to be in bijective correspondence with a discrete structure which we call 
generating trees of order k. 

5.1 Generating trees of Order k 

A generating tree for a mosaic floorplan is a rooted tree which represents 
how the basic rectangle was embedded with successive mosaic floorplans to 
obtain the final floorplan. A generating tree is called a generating tree of 
order k if it satisfies the following properties: 

• All internal nodes are of degree at most k. 

• Each internal node is labeled by a IHRD^ permutation(7 < k), rep- 
resenting the IHRDfc rectangular dissection corresponding to the per- 
mutation which was embedded. 

• Out degree of a node whose label is a permutation of length I is /. 

• Each leaf node represents a basic room in the given rectangular dis- 
section and is labeled by the label given by the FP2BP algorithm run 
on the given rectangular dissection. 

The internal nodes are labeled by permutations corresponding to IHRD^ 
rectangular dissection because by definition they are the only HRD^ rect- 
angular dissection which cannot be constructed hierarchically with HRDj 
rectangular dissections for j < I. By this definition there is at least one 
generating tree of order k for any HRD& rectangular dissection. But the 
problem is that due to the symmetry associated with vertical and horizon- 
tal cut operations there could be multiple generating trees representing the 
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Figure 6: Generating Trees of Order k 




same floorplan. To avoid this problem we define skewed generating trees. 
An order k generating tree is called a skewed generating tree of order k if it 
satisfies additional to the above rules the following rule: 

• The right child of a node cannot be labeled the same as parent if the 
parent is labeled from {12,21}. 

Theorem 3. HRDk rectangular dissections with n rooms are in bijective 
correspondence with skewed generating trees of order k with n leaves. 

Clearly the additional rule introduced above removes the symmetry asso- 
ciated with vertical(permutation 21) and horizontal(permutation 12). Hence 
it remains to prove that for any other embedding such a symmetry doesn't 
exist thus making the skewed generating tree unique for an HRD& rectan- 
gular dissection. Note that the generating tree provides a hierarchical de- 
composition of the permutation corresponding to the floorplan into blocks 
as illustrated by the figure El Albert and Atkinson [2 j proved the following : 

Theorem 4 (M.H Albert, M.D Atkinson [21 p. 6] ). For every non-singleton 
permutation tt there exists a unique simple non-singleton permutation a and 
permutations 01,02,03,04, ... ,a n such that 

vr = a[ai,a 2 , 03, «4, • • • , «„] 

Moreover if a ^ 12,21 then 01,02,03,04, ... ,a n are also uniquely de- 
termined. If a = 12 (respectively 21) then a\ and 02 are also uniquely de- 
termined subject to the additional condition that ol\ cannot be written as 
(12) [/3 , 7] (respectively as (21) [j3, 7]. 
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The proof is completed by noting that the decomposition obtained by 
skewed generating tree of order k satisfies the properties of their decompo- 
sition, that is if a = 12/21 its right child cannot be 12/21 hence the block 
corresponding to the right child, a.\ cannot be (12)[/3, 7]/(21)[/3, 7]. Since 
such a decomposition is unique the skewed generating tree also must be 
unique. Hence the theorem. 

5.2 Recurrence Relation 

Since we have proved that the number of distinct HRD5 rectangular dis- 
sections with n rooms is equal to the number of distinct skewed generating 
trees of order 5 with n leaves (this correspondence was also proved by Wong 
et al.[9] for the case of k = 5), it suffices to count such trees. Let t n denote 
the number of distinct skewed generating trees of order k with n leaves and 
t\ = 1 representing a tree with a single node. Let a n denote such trees whose 
root is labeled 12, b n denote trees whose root is labeled 21, c n denote trees 
whose root is labeled 41352 and d n denote the trees whose root is labeled 
25314. Since these are the only IHRD^ permutations for k < 5 the root has 
to labeled by one of these. Hence 

in — &71 b n -\- c n -\- d n 

Since it is a skewed tree if the root is labeled 12, its left child cannot 
be 12 but it can be 21, 41352, 25314 or a leaf node. Similarly if the root is 
labeled 21 its left child cannot be 21 but it can be 12, 41352, 25314 or a leaf 
node. But for trees whose roots are labeled 41352/25314 can have any label 
for any of the five children. Hence we get, 

a n = t n -i.l + T^~^t n -i(bi + a + di) 
b n = t n -i.\ + Y%~2 t n-i{ai + Ci + di) 

c n = ^{i,j,k,l,m>l\i+j+k+l+m=n}titjtktltm 
dn = ^{i,j,k,l,m>l\i+j+k+l+rn=n}titjtktltm 

So c n = d n . Also note that since a node labeled 41352/25314 ought to 
have five children, c n d n = for n < 5. Summing up a n and b n and using 
the identity ti = + 6j + q + di we get 

a n + b n = i n _i + t n -i*i + ^Zi^n-iiflt + h + Cj + di + a + di) 

— tn— 1 ^j=l tn—iti 2S^_2 t n —iCi 

If we substitute for q in Y,™~lt n _ g Cg, we will get 

,j,k,l,m>l\h+i+j+k+l+m=n 

jthtitjt^tit 

in 
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because if you notice the t n - g runs from 1 to n — 1 and i,j,k,l,m in the 
expansion of a sums up to g, hence if we let h = n — g then we get h + i + 
j + k + l + m = n. Thus we get the following recurrence for t n 

2^{h,iJ,k,l,rn>l\h+i+j+k+l+rn=n}thtitjtktlt m + 
{hJ ,k,l,m>l\i+j +k+l+rn=n}titj'kktlt j m 

Since we have proved that HRD^'s are in bijective correspondence with 
generating trees, in a similar way recurrence relation for any HRD^ can be 
constructed by counting the skewed generating trees of order k where the 
internal nodes can be any IHRDj permutation for I < k. With our character- 
ization of IHRD^ we can easily find out the number of IHRD^ permutations 
for any I and get the recurrence for any HRD/% in a similar way. 



5.3 Poly-time Algorithm for generating HRD^ sequence 

Note that the recurrence obtained above can be used to construct a poly- 
nomial time algorithm for finding t n , the number of distinct HRD5 rectan- 
gular dissections with n rooms. We use dynamic programming to compute 
the value of t n using the above recurrence relation. The algorithm is fairly 
straight forward. 

The table T is used to store the values of ij, 1 < i < n. The for loop of 
lines 3-29, computes successive values of ti using the recurrence relation we 
obtained earlier. The algorithm runs in time 0(n 6 ). In general the algorithm 
for HRDfc based on a recurrence obtained using the above method will run 
in time 0(n k+1 ). 



6 Counting 

Given an re, it is interesting to know the number of distinct HRD^'s with re 
rooms. We consider two rectangular dissections to be different if they are 
different according to the definition in [5]. Given a rectangular dissection 
/, a segment s supports a room r in / if s contains one of the edges of r. 
We say that s and r hold a top-, left-, right-, or bottom- seg-room relation if 
s supports r from the respective direction. Two rectangular dissections are 
equivalent if there is a labeling of their rectangles and segments such that 
they hold the same seg-room relations, otherwise they are distinct. This 
is the same definition of equivalent rectangular dissections pQ used. Since 
we are considering a restriction of the bijection they gave we can say that 
two HRDfc's are distinct if they are mapped to different permutations by 
this bijection. We give a lower bound on number of distinct HRD^'s with n 
rooms by giving a lower bound on the number of HRD& permutations. 



12 



1 T <— new Array (n); 

2 T [1] <- 1; 

3 for m = 2 to u do 

4 x ^0,y <^0,z ^0; 

5 for i = 1 to m — 1 do 

6 | x <— x + T[i][m — i]; 

7 end 

8 for i = 1 to m — 4 do 

9 for j = 1 to min(m-i ; m —4) do 

10 for k = 1 to min(m-(i +j),m —4) do 

n for I = 1 to min(m-(i + j + k) ; m-4) do 

12 | y^- y + T[i]*T[j]*T[k]*T[l]*T[m-(i+j + k + l)]; 

13 end 

14 end 

15 end 

16 end 

17 for h = 1 to m — 5 do 

18 for i = 1 to min(m — h ; m — 5) do 

19 for j = 1 to min(m — (h + i),m — 5) do 

20 for k = 1 to min(m — (h + i +j),m — 5) do 

21 for I = 1 to min(m — (h + i + j + k ; m — 5) do 

22 z ^r- 

z+T[h]*T[i]*T[j]*T[k]*T[l]*T[m-(h+i+j+k+l)]; 

23 end 

24 end 

25 end 

26 end 

27 end 

28 T [m] <r- x + 2y + 2z + T [m - 1]; 

29 end 

30 Output T [n]; 



Algorithm 2: Algorithm for producing the count of number of distinct 
HRDfc rectangular dissections with n rooms 
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Theorem 5. There are at least 3" k HRD^ permutations of length n which 
are not HRDj for j < k. 

Proof. The proof is inspired by the insertion vector scheme introduced by 
Chung et al. [5] to enumerate the admissible arrangements for Baxter permu- 
tations. The idea is to start with a IHRDjt permutation of length k say TTk 
and successively insert (k+1, k + 2, k + 3, k+4, . . . , n) onto it such a way that 
we are guaranteed that it remains both Baxter and there is a corresponding 
generating tree of order k. It is very clear that if you insert k+1 onto two dif- 
ferent positions of irt you get two different permutations. It is also not hard 
to see that if you start with two different permutations ir i and ir i then there 
is no sequence of indices to which insertion of (i + 1, i + 2, i + 3, % + 4, . . . , n) 
will make the resulting permutations the same. Hence by counting the num- 
ber of ways to insert (k + 1> k + 2, k + 3, k + 4, . . . , n) successively, a lower 
bound on the number of HRD/% permutations is obtained. So the problem 
boils down to counting the number of ways to insert i + 1 given a permuta- 
tion 7Tj which is HRDfc but not HRDj for j < k. We do not have an exact 
count for this but it is easy to observe that in such a permutation 7Tj there 
are always four locations which are safe for insertion of i + 1 irrespective of 
relative order of elements of 7Tj. By safe we mean that insertion of i + 1 to 
7Tj would not make the permutation not HRD^. The four safe locations are 

1. Before the first element of 7Tj. 

2. After the last element of 7Tj. 

3. Before i in 7Tj. 

4. After i in 7Tj. 

We will first prove that the insertion of i + 1 cannot introduce any text 
which matches 3142/2413 with absolute difference between first and last 
being one, that is make the permutation non-Baxter. Suppose it did, then 
it has to involve i + 1 since TTi is Baxter, and if it involves i + 1, i + 1 will 
have to match 4 in 3142/2413 as there is no element greater than (i + 1) in 
7Tj. But i + 1 matching 4 is not possible because in the first case there is 
nothing to the left of i + 1, in the second case there is nothing to the right 
of i + 1, and in third and fourth cases this is not possible for the reason that 
if 2413/3142 involves both i and i + 1 then i has to match 3 and i + 1 has 
to match 4 as they are the second largest and largest elements in the new 
permutation but this is not possible in these cases as i is adjacent to i + 1 
and there cannot be any element matching 1 in between them. Hence in 
these cases the only possibility left is that i + 1 is matched to 4 in 3142/2413 
but the text matching the pattern does not involve i and since i is adjacent 
to % + 1 and greater than any element of 7Tj it can be replaced for % + 1 to 
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get 3142/2413 in 7Tj with the absolute difference between first and last being 
one, contradicting the fact that 7Tj is Baxter. 

So it remains to prove that after insertion at these places the permuta- 
tion remains HRD^. This we will prove by induction of the length of the 
permutation and proving that there is a generating tree of order k corre- 
sponding to the permutation. Initially we start with an IHRD/%, and it is 
also an HRD^ hence the base case of the theorem that there is a generating 
tree of order k is true. Assume that there is a generating tree of order k 
corresponding to 7Tj which is of length i, say Tj. Now we want to prove that 
insertion of i + 1 in 7Tj results in generating tree of order k. Inserting i + 1 
at the beginning of 7Tj is equivalent to creating a tree whose root is labeled 
21 and attaching Tj to the left child. Similarly inserting i + 1 at the end of 
7Tj is equivalent to creating a tree whose root labeled 12 and attaching Tj to 
the right child. Inserting i + 1 to the left of i in 7Tj is equivalent to replacing 
the node labeled i in Tj with a tree with one parent node and two children, 
where the parent node is labeled by 21. Similarly inserting i + 1 to the right 
of i in 7Tj is equivalent to replacing the node labeled i in Tj with a tree with 
one parent node and two children, where the parent node is labeled by 12 
instead. Hence we have proved that introduction of i + 1 in these sites are 
safe. 

Note that even though we have identified four safe locations for insertion 
of i + 1 into a 7Tj sometimes i could be the first element of the permutation 
7Tj thus making the location before i and location before 7Tj one and the 
same. Similarly if i is the last element the location after i and location 
after 7Tj also coincides. But for any permutation 7Tj only one of the above 
two conditions can occur, so there are always three distinct locations to 
insert i + 1. Hence by starting from an IHRD& permutation we can get 
3 n ~ k different HRD^ permutations by inserting successive elements from 
{k + 1, k + 2, k + 3, k + 4, . . . , n}. Hence the theorem. 

□ 

7 Summary 

We characterized permutations corresponding to IHRD^ rectangular dissec- 
tions. We proved that HRD^ rectangular dissection are in bijective corre- 
spondence with skewed generating trees of Order k. This gave us a recur- 
rence relation for the exact number of HRDfc rectangular dissections with 
n rooms and thus a polynomial time algorithm for generating the count for 
any given n. 

Even though we were able to obtain a recurrence relation for the exact 
number of HRD/% rectangular dissections with n rooms and thus a polyno- 
mial time algorithm for generating the count for any given n, we were not 
able to find a closed form expression for the number of distinct HRD^'s. 
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Even for a particular value of k (especially 5), it would be interesting to 
see a closed form expression for the number of distinct HRD^'s. Another 
open question arising from our research is the number of distinct IHRD^'s. 
We were able to obtain some trivial lower bounds based on the construc- 
tion method described in the proof of infinite hierarchy, but no closed form 
expression was obtained. 
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